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Closure operators in an (E, M)-category X are introduced as concrete endofunctors of the 
comma category whose objects are the elements of M. Various kinds of closure operators are 
studied. There is a Galois equivalence between the conglomerate of idempotent and weakly 
hereditary closure operators of X and the conglomerate of subclasses of M which are part of a 
factorization system. There is a one-to-one correspondence between the class of regular closure 
operators and the class of strongly epireflective subcategories of X. Every closure operator admits 
an idempotent hull and a weakly hereditary core. 
Various examples of additive closure operators in Top are given. For abelian categories standard 
closure operators are considered. It is shown that there is a one-to-one correspondence between 
the class of standard closure operators and the class of preradicals. Idempotenf weakly hereditary, 
standard closure operators correspond to idempotent radicals ( = torsion theories). 
AMS (MOS) Subj. Class.: 18A32, 18B30, 18E40, 54A05, 54B30, 18A40, 
A-regular morphism weakly hereditary core 
sequential closure (pre)-radical 
Introduction 
Closure operators have always been one of the main concepts in topology. For 
example, Herrlich [21] characterized coreflections in the category Top of topological 
spaces by means of Kuratowski closure operators finer than the ordinary closure. 
Hong [25] and Salbany [35] used closure operators to produce epireflective sub- 
categories of Top. Nakagawa [32] gave a Galois equivalence between certain factori- 
zation systems in Top and additive, weakly hereditary and idempotent closure 
operators. This idea was developed later by Lord [31] for certain concrete categories 
(see also [23]). Closure operators have been used also to generalize the well-known 
fact that a space X is Hausdorff iff the diagonal Ax is closed in X x X. These results 
will be referred to as ‘diagonal theorems’ (cf. [9, 10, 12, 16, 18, 19, 20, 23, 24, 36, 
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421. On the other hand, the study of epimorphisms and the co-well-poweredness of 
subcategories of Top in [8, 10, 12, 13, 14, 15, 16, 17, 18, 19, 36, 37, 421 is heavily 
based on closure operators. 
We propose here an abstract notion of closure operator which covers all previous 
kinds of closure operators and provides a unified approach to many different, 
apparently distant aspects of mathematics. Due to the lack of space we shall give 
here only the basic notions and properties of closure operators as well as many 
examples. The second part of this paper, containing various applications (epimorph- 
isms, co-well-poweredness, absolutely closed objects (see [15]), connectedness- 
disconnectedness etc.) will appear elsewhere. 
It is a pleasure to thank the referee for his numerous and very helpful suggestions 
which improved decisively the exposition of the paper. 
1. Preliminaries 
Throughout the paper we consider a category X and a fixed class M of morphisms 
in X which contains all isomorphisms of X It is assumed that 
(i) M is closed under composition, and that 
(ii) X is M-complete, that is: pullbacks of M-morphisms exist and belong to 
M, and multiple pullbacks of (possibly large) families of M-morphisms with 
common codomain exist and belong to M. 
We list some consequences of these hypotheses (cf. [40] in the dual situation): 
(iii) every morphism in M is a monomorphism in X; 
(iv) if nm E M and n E M, then also m EM; 
(v) for each object X in X, the comma category M, of M-morphisms with 
codomain X is a (possibly large) complete preordered set. We shall use the usual 
lattice-theoretical notations (G, A, v , A, V) in M,; 
(vi) for every morphism f: X + Y in X, there is an ‘inverse image’ functor 
f-l(-) : My + Mx give by pullback. f-l(-) has a left adjoint f(-), the ‘image’ under 
f; 
(vii) there is a (uniquely determined) class E of morphisms in X such that (E, M) 
is a factorization system of X, that is: every morphism has an (E, M)-factorization, 
and the (E, M)-diagonalization property holds: whenever he = mg with e E E and 
m EM, then there is a unique t with te = g and mt = h. In the terminology of (vi) 
iff=me with eEE and meM, then m=f(lx); 
(viii) property (vii) holds more generally for arbitrary sinks, in which case E has 
to be extended to a conglomerate of sinks. The conjunction of properties (i) and 
(ii) is equivalent to (viii). 
The class M will be considered as the class of objects of a comma category which 
is denoted again by M. Its morphisms (f; g) : m + n are commutative squares 
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The categories Mx are the (nonfull) subcategories of M for which g = lx ; they are 
the fibres of the ‘codomain functor’ U: M + X (U(f, g) = g). U is faithful by (iii), 
so M is concrete over X. However, by (viii) one has the much stronger statement 
that U is a topological functor (cf. [39,22]). In particular U has a full and faithful 
left adjoint D which assigns to each X-object X its least M-subobject, and a full 
and faithful right adjoint I. 
2. Closure operators 
A closure operator of the category X with respect to the class of subobjects M is 
a concrete functor 
C: M+M, 
so UC = U, such that there is a natural transformation y : Id,,, + C with Uy = 1”. 
Since U is faithful, y is uniquely determined and a pointwise bimorphism. The pair 
(C, y) is therefore a prereflection in the sense of [41] and, a fortiori, a well-pointed 
endofunctor in the sense of [30]. Recall from [41] that (C, y) is a reflection if and 
only if yC( = Cy) is an isomorphism, and that in this case 
Fix( C, y) = {m E M : y(m) is an isomorphism} 
is (the class of objects of) a full bireflective subcateogry of M. 
Restriction of C gives, for each object X, operators 
C,: M,+M,; 
we write ([m]:[M]+X):= C(m:M+X) f or m E M, [m] is called C-closure of m. 
Whenever needed sub- or superscripts are added: [ml: = [mix = [ mlC = [ml. If 
we have m G n in M,, so there is a unique k with nk = m, then we put 
m, := k. 
With this notation y(m) is given by the square 
In particular, one has 
(*I 
(1) m<[m]. 
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By functoriality of C, for every f: X + Y and m E M,, n E My, one also has 
(2) rnGf_‘(n)*[m]Gf-‘([n]). 
Of course, (2) is equivalent to (2a) and (2b): 
(24 mSm’*[m]S[m’], 
(2b) [f -l(n)1 ~f-‘([nl). 
By adjointness, (2) is also equivalent to 
(3) f(m>~n*f([ml)~Cnl 
which is equivalent to (3a) = (2a) and 
(3b) f([ml> C [f(m)ls 
Notice that the closure operators of X with respect to M are in one-to-one correspon- 
dence to families of operators {[ lx : Mx + MX}XEObX which satisfy conditions (1) 
and (2) above. 
The conglomerate of all closure operators of X with respect to M can be endowed 
with the ‘pointwise’ preorder defined by C < D if and only if C(m) G D(m) for all 
m E M, and will be denoted by CL(X, M). If (C, y) and (0, S) are closure operators 
and C G D then n(m) := ([m]c)r,lD, m E M, define a natural transformation n : C + 
D such that n-y = 6. Arbitrary infima (and suprema) exist in CL(X, M) since they 
exist in each Mx and are preserved by f-l(-). In particular, there is a last closure 
operator, namely IU (see Section l), and a least one, namely Id,; the former is 
called trivial, the latter discrete. 
3. (C-dense, C-closed)-factorizations 
Diagram (*) of Section 2 gives, for every m E M, a factorization m = [m] . rn[,] . 
We shall give minimal conditions such that this is a factorization into a ‘dense’ and 
a ‘closed’ factor, according to the following definitions. For C E CL(X, M), any 
m E M with m = [m] is called C-closed, and a morphism d : X -+ Y in X is C-dense 
if [d(l,)]= ly. 
C is called idempotent if, for every m E M, [m] is C-closed, and it is called weakly 
hereditary if, for every m E M, m[,, is C-dense. 
Remark. C is idempotent if and only if the prereflection (C, y) is a reflection (see 
Section 2). Fix( C, y) contains exactly the C-closed elements of M. In the following, 
we shall denote it by MC, and the class of C-dense morphisms in X will be denoted 
by EC. Obviously MC c M and E G EC. 
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3.1. Proposition. X has the (EC, MC)-diagonalization property. 
Proof. If mg = hd with m E MC and d E EC, one considers an (E, M)-factorization 
d = ne, so n = d(1). By assumption, mrml and [n] are isomorphisms. The (E, M)- 
diagonalization property gives a morphism t with te = g and mt = hn. From the 
latter equation, by functoriality of C, one obtains a t’ with [m]t’= h[n]. Since m 
is manic, the morphism s = (m[,,) -‘t’[ n]-’ is the only morphism that satisfies sd = g 
and ms = h. 
3.2. Prosposition. For an idempotent closure operator C, the following assertions are 
equivalent: 
(i) C is weakly hereditary, 
(ii) MC is closed under composition in X, 
(iii) X has (EC, MC)-factorizations. 
Proof. (i)+(iii): let f = em be an (E, M)-factorization off: Then f = [m](m[,,e) 
is an (EC, MC)-factorization of J: 
(iii) j (ii) follows from Proposition 3.1. 
(ii)+(i): for m E M and k= ml,,,] one has that [m][k] is C-closed. So from 
m s [ m][ k] we can deduce [m] s [ m][ k], thus [k] is an isomorphism. 
3.3. Corollary. For an idempotent and weakly hereditary closure operator C one has 
that EC and MC are closed under composition in X, MC is stable under pullbacks and 
the formation of limits in X; EC has the dual properties. 
For an arbitrary factorization system (E’, M’) of X with M’ L M one can define 
C(m) = m’, where m = m’e’ is an (E’, M’)-factorization of m EM. Trivially, C is 
an idempotent and weakly hereditary closure operator with MC = M’. Together 
with Proposition 3.2 one therefore obtains: 
3.4. Theorem. There is a Galois equivalence between the conglomerate of subclasses 
of M which arepart of a factorization system, and the conglomerate of idempotent and 
weakly hereditary closure operators of X with respect to M. In both conglomerates, 
arbitrary injima and suprema exist. 
Proof. Infima of subclasses M’ of M which are part of a factorization system, can 
be formed by intersection: these are those M’ which are closed under composition 
and stable under pullbacks and multiple pullbacks (see Section 1). 0 
Results similar to Theorem 3.4 can be found in [32, 31, 231. 
In addition to the properties (l)-(3b) of Section 2, for every closure operator one 
also has 
(4) mSn*n[m,]<nh[m], 
(9 [mlv[nl~[mvnl 
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for all m, n E M,, X E Ob X. In fact, C transforms 
1 
*-a 
I I 
a-* 
m” m into [m,l 
I i 
[ml 
n n 
0-0 l -* 
so n[m,] s [ml, and trivially n[m,] G n. (5) is trivial. 
A closure operator C is called hereditary if n[m,] = n A [m] holds for all m, 
neM, with m<n, and additive if [m]v[n]=[mvn] holds for all m, nEMx, 
XEObX. 
3.5. Proposition. Let C be idempotent. Then: 
(1) C is weakly hereditary tf and only if n[ m,] = n A [m] holds whenever m G n and 
n is C-closed. 
(2) C is hereditary if and only ifit is weakly hereditary and satisfies n[ m,] = n A [m] 
whenever m s n and n is C-dense. 
(3) C is additive tf and only if the class M $ of C-closed elements in Mx is closed 
under binary suprema for every X E Ob X. 
The easy proofs are left to the reader. 
4. Idempotent hull and weakly hereditary core 
If { Ci}itr is a family of closure operators of X with respect to M, then one easily 
shows 
(I) /j Ci is idempotent if each Ci is, 
isl 
(II) V Ci is weakly hereditary if each Ci is. 
isI 
One therefore has the following proposition. 
4.1. Proposition. (1) The conglomerate ID-CL(X, M) of idempotent closure operators 
is reflective in CL(X, M). The reflector sends C to its idempotent hull 
6 := A{D: C s D, D idempotent}. 
(2) The conglomerate WH-CL(X, M) f o weakly hereditary closure operators 
coreflective in CL(X, M). The corejlector sends C to its weakly hereditary core 
C := V{ D: D s C, D weakly hereditary}. 
is 
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We shall give a more concrete description of e and cl in case X is M-well- 
powered, that is if each Mx has a small skeleton. For every C E CL(X, M) one 
defines an ascending chain of closure operators C” by 
C’=C, ca+r=c0,a, co= v C” 
a<P 
for every (small) ordinal (Y and every limit ordinal p, and for /3 = ~0 (with ~0 > LY 
for all small cy). If X is M-well-powered, for every X E Ob X, there is an (Y such 
that Ca”(m)=Ce(m) for all rn~M x; the least such (Y is called the order of X 
with respect to C and it is denoted by O,(X). So C” is idempotent, and for every 
idempotent D 2 C one has C”G D. If there is an ordinal a such that C” = C”, 
then the least such ordinal is called the order of C and it is denoted by O(C); 
otherwise C is called unbounded. 
One also has a descending chain C, of closure operators, defined by 
Ci= C, C, = A C, and C,+,(m)= C,(m)C(m,) 
P<a 
with m, := mc,(,,,), for all m E M and for cx and p as above. If X is M-well-powered, 
for every X E Ob X, there is an (Y such that C(m,) is an isomorphism, so m, is 
C-dense for all m E Mx. It follows that C, is weakly hereditary, and that Cm2 D 
for every weakly hereditary D =S C. This shows part (1) of the following 
4.2. Theorem. Let X be M-well-powered and C E CL(X, M). 7hen 
(1) &=Ccas and c=Ccm, 
(2) if C is weakly hereditary, also e is, 
(3) if C is idempotent, also e is. 
Proof. (2): because of part (1) and property (II) it suffices to show that C2 is weakly 
hereditary if C is. So let m E M, and put k = rn[,] and j = [ m][lmll. Then jk = ml[mll, 
and C transforms the commutative square 
k]T Ijk into ck11_ 1 [jkl 
0-0 .-. 
with [k] an isomorphism. So j G [ jk], hence [j] G [[ jk]] with [j] an isomorphism. 
Therefore, also [[jk]] is an isomorphism, so m~[mll is C*-dense. 
(3): it suffices to show that C, is idempotent if C is. For m E M, as above we put 
k = mlml, so C,(m) = [m][k]. Furthermore, let h = ([m][k])l[,IIkII, so C,(C,(m))) = 
[[ m[ k]][ h]. By assumption, there are isomorphisms j : [m] + [[ml] and i : [k] + [[k]]. 
Since [ m][k] s [m] and, therefore, [[m[ k]] s [[ml], there is also a morphism r 
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rendering the diagram 
1 
i ‘i 
[kl 
commutative. C transforms its upper part into a commutative square 
s -. 
Ihl 1 I Hkll j-‘r 
.-. 
From 
[[m][k]][h] = [[m]]r[h] = [m]j-‘r[h] = [m][[k]]s = [m][k]ip’s = [[m][k]]hi-‘s 
one concludes [h] s h, thus h = [h]. Consequently, C,( C,(m)) = C,(m). 0 
4.3. Corollary. For every C E CL(X, M), 
Remarks. (1) The construction of C” is presented, in a more general context, in 
[41,30]. 
(2) For X M-well-powered one has, for every m E M, 
e(m)=A{nEMg: msn} 
since the right-hand side is easily seen to coincide with C”(m) (up to isomorphism). 
Therefore C, is the reflector of M, into M$. 
(3) e is additive if C is and C is hereditary if C is. 
5. Regular closure operators 
In what follows X is a category with finite products and M contains the class of 
regular monomorphisms of X. 
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For a subcategory A of X, a morphism I : X + Y is an A-regular monomorphism 
if it is the equalizer of two morphisms f, g : Y + A, with A E A. For m : M + X in M 
set 
[ml” = /\ {r: r Z= m and r is A-regular} 
Then C,(m) = [m]” defines a concrete functor CA: M+ M which is a closure 
operator of X These closure operators will be called regular and C,(m) will be 
called the A-closure of m. 
Regular closure operators where introduced in [35] for X = Top, in [ 161 for X a 
topological category, and recently in [9] in a more general context. 
For a closure operator C of X, set 
g(C) = {X: Ax is C-closed}, V(C) = {X: Ax is C-dense}. 
If C = CA we write 9(A) and %(A) instead of g(CA) and W(CA). For a subcategory 
A of X set 
S(A) = {X: there is a mono-source {J; : X + Ai}i,r with A, E A}. 
If A is reflective with reflector r and reflexion p : lx + r, then S(A) consists of all 
objects X of X such that px is a monomorphism. The following condition will be 
considered below: 
(+) for each X, YE Ob X, the canonical morphism k: r(X x Y) + rX x rY is a 
monomorphism. 
. . 
5.1. Propositlon. (1) CA = C,,,,; 
(2) 9(A) is closed under mono-sources; 
(3) %(A) is closed under E-morphisms (see Section l), whenever E is closed under 
finite products; 
(4) 9(A) n %(A) is the subcategory of quasiterminal objects; 
(5) If A is reflective in X and satisfies (+), then 9(A) = S(A); 
(6) If X has (strong epi, mono-source)-factorizations and every epireflective sub 
category of X satis$es (+), then the assignments A + CA C + 9(C) determine a Galois 
correspondence which is a Galois equivalence between the class of strongly epireflective 
subcategories of X and the class of regular closure operators of X. 
Proof. The easy proofs of (l)-(4) are left to the reader. (5) is Theorem 1.1 of [20]. 
(6): in the case X has (strong epi, mono-source)-factorizations, 9(A) is strongly 
epireflective in X, according to (2). Thus (6) follows from (l), (2) and (5). 0 
Remarks. (1) Under suitable conditions, the pair (g(C), V?(C)) gives a sort of 
‘disconnectedness’ related to C (see [4] for disconnectedness in Top). In fact V(C) 
is the connectedness generated by g(C). 
(2) For a subcategory A of X the epimorphisms in A are exactly the CA-dense 
morphisms. This simple characterization of epimorphisms in subcategories A of X 
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was the starting point for the study of regular closure operators in [17] and [12] 
(see also the references in [IS]). 
(3) The A-closure in concrete categories is determined by its restriction on A. 
Precisely, if A is epireflective in X then, for each m EM, [mlA = pX-‘([ p(m)]“), 
where p is the A-reflection (cf. [13,16]). 
6. Examples 
6.1. Let X be an abelian category and let M be the class of monomorphisms in X. 
Then every closure operator C of X gives rise to a preradical r, in X defined, for 
each X E Ob X, by rc(X) = [o]“, o : 0 + X (for pre-radicals in abelian categories 
see [ll]). rc has the following relation with C. For X E Ob X and m E Mx let 
4 :X + X/M be the cokernel of m : M + X. Then 
[ml” s K’(rcWIM)). (**) 
An example in which (**) is not an isomorphism is given below. Closure operators 
for which (**) is an isomorphism for each X ~0b X will be called standard. 
Conversely, for every preradical r in X, the closure operator C, defined, for every 
m EM,, by [m]“r = +-‘(r(X/M)) is standard. Thus th ere is a one-to-one correspon- 
dence between the class of preradicals in X and the class of standard closure 
operators of X. 
For every preradical r in X one defines two series of preradicals setting, for every 
X E Ob X, (here X is supposed to be well-powered) 
r’(X) = r(X), rLI+YX) = r(Xl,-&, P(X)= V r”(X); 
oI<B 
rl(X) = r(X), rv+l(X) = r(ru(W), raW= A r,(X). 
a<D 
for every (small) ordinal (Y and every limit ordinal /3, and for p = co. Clearly C,- = Cr, 
C, = (C,),, rca = (rCY, rc, = (rC)a, and rm, r, are respectively, the radical hull 
and the weakly hereditary core of r. Then C,- = (C,)” and C,_ = ( C,)m; in particular 
C, is idempotent if and only if r is a radical and it is weakly hereditary if and only 
if r is idempotent. {P(X)} is known as the Loewy series of X and its length, which 
coincides with O&X) defined in Section 4, as the Loewy’s length of X. 
C, is hereditary if and only if r is hereditary, that is: r(M) = r(X)/jm, for every 
m: M + X in M. This shows in particular, that non hereditary closure operators 
which are weakly hereditary exist in profusion (see [6]). 
The idempotent weakly hereditary standard closure operators correspond to 
idempotent radicals (=torsion theories) in C. It follows from Theorem 3.4 that every 
torsion theory provides a factorization system in X. 
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There exist idempotent and hereditary nonadditive closure operators. Take X = 
Ab, the category of abelian groups and the radical t given, for every abelian group 
X, by its torsion part t(X). If X is the subgroup of Qz generated by Z2 and the 
diagonal Aa, then m : Z x 0 + X and n : 0 x Z + X are C-closed while m v n is 
C-dense. 
For X E X and m E M,, m is C-dense (C-closed) if and only if r(X/M) = lXjM 
(r(X/M)=O). Thus S(C,)={X:r(X)=o} and T(C,)={X: r(X)=lx}. c 
Finally we give examples of nonstandard closure operators. Let r be a radical in 
X and let s be a preradical with s G r. Then, for each monomorphism m : M + X 
in X, define C,, by, [rnlCr.s 2 n and [mlCGs/,,=s(X/M+r(X)), where n is the 
embedding of M + r(X) in X. For r = s, F,,, = F, is standard and F,, is standard if 
and only if F,, = F,. For X = Ab, r = t as above, and s given by the p-torsion part, 
p any prime number, F,.,y is not standard. 
6.2. Let X be a category of universal algebras (in particular of semigroups or rings) 
and let M be the class of monomorphisms in X. For m E M,, [m]“x is known as 
the dominion of m in X (see [27]). Dominions can be described to some extent 
and in particular it can be shown that if for m: M +X in M, M infinite, the 
cardinality of M is greater or equal to the number of algebraic operations, then 
card[MICx = card M. In particular X is co-well-powered (cf. [27]). When X is the 
category of all semigroups, then dominions are described in a very elegant way by 
the ‘zigzag’ Theorem 2.3 in [27]. For epimorphisms and dominions in the category 
of finite-dimensional algebras over a field see [28] and the references therein. 
6.3. In what follows let X = Top and let M be the class of embeddings in Top. Let 
K denote the closure operator of Top given by the Kuratowski operator of the 
ordinary closure. K will play a very important role. Notice that there exist non- 
additive regular closure operators in Top (cJ [S]) and, there exist also regular closure 
operators which are not comparable with K (cf. [19]). 
Since in Top there is a one-to-one correspondence between the set Mx of the 
embeddings in X and the set of subsets of X, then any closure operator of Top is 
determined, for each m : M + X in M,, by the underlying set of [Ml. Thus we will 
write M c X for m or for the underlying set of M. Notice also that, any regular 
closure operator C, of Top is determined by its restriction to A (Section 5, Remark 
(3)). By the fact that every nontrivial coreflective subcategory of Top is bicoreflective, 
it follows that 101: = 0 for every weakly hereditary non trivial closure operator C 
and for every X E Top. So the idempotent hull of every additive and weakly hereditary 
closure operator is a weakly hereditary Kuratowski operator. 
6.3.A. Additive closure operators coarser than K. 
(1) For A = Haus (Hausdorff spaces), SHaus (strongly Hausdorff spaces (cf. 
[32])), Top, (regular Hausdorff spaces), Tycb (completely regular Hausdorff spaces), 
O-dim (O-dimensional Hausdorff spaces), the A-closure coincides with K on A-spaces 
(cf. 121). 
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(2) For a topological space X and M c X set 
Z(M) = (7 {N c X: M c N and N is a zero-set}. 
Z is an additive, idempotent, nonweakly hereditary closure operator and 9(Z) = 
FT2, the category of functionally Hausdorff spaces (the continuous real-valued 
functions separate the points). 
(3) For a topological space X and M c X, set 
C(M)=n{NcX: MC N and Nisclopen}. 
C is additive, idempotent and 9(C) = S(O-dim) (spaces in which the quasicom- 
ponents are single points). This is the coarsest nontrivial regular closure operator. 
(4) For an epireflective subcategory A of Top and X E S(A), the S(A)-closure on 
X coincides with the A-closure on the A-reflexion of X. In particular, since FT2 = 
S(Tych), the Z-closure in FT,-spaces is the K-closure in the Tych-reflexions. 
(5) Let (Y be an ordinal number. For a topological space X and M c X, set 
cl,-M = {x E X: for each chain of open neighbourhoods {U,: j3 < a} of x 
. - 
with U,+,c lJpfor~+l<cu, u,nM#0}. 
Obviously, for every (Y, cl,- is an additive closure operator coarser than K (for 
(Y = 1 it is the well-known 0-closure defined in [43]). 
For (YBW 9(cl,a) coincides with S(a) defined in [34]. For finite (Y = k, 9(cl,k) = 
S(2k) and, for every n > 0 (X, 7) is a S(n)-space if and only if the topology in X 
determined by the cl,rl-closed sets of X is To (cf. [lo]). S(1) = Haus and S(2) is the 
category of Urysohn spaces. For (Y 2 w the S(Q)-closure coincides on S(cY)-spaces 
with cl,*, for (Y = n < w, the S( n)-closure coincides on S( n)-spaces with clgk, where 
k is the greatest integer less or equal to in (cf. [12] for n = 1, [36] for n = 2, [15] 
for n <w, [lo] for arbitrary (Y). 
The closure operator cl, is not bounded. In [37] this fact was used to show that 
S(2) is not co-well-powered. 
(6) The following closure operators were defined inductively in [38]: define first 
h, as the discrete operator and, for n 2 0, X a topological space and M c X, set 
h,+,(M) = {x E X: for each open neighbourhood U of h,( U)nh,( M) # 0}; then 
the (additive) operator hk is defined by 
h;(M) = {x E X: for each open neighbourhood U of x, h,( U)nM Z 0). 
9(hL) coincides with the &-spaces defined in [l], the $,-closure coincides with 
h: on &-spaces, and, for n > 1, S, is not co-well-powered (cf. [38]). By Proposition 
5.1.(2) S, is strongly epireflective in Top. 
6.3.B. Additive closure operators finer than K. 
(1) The well-known b-closure C, (cf. [5]) is the finest nondiscrete regular closure 
operator, 9( C,) = { T,-spaces} and %Y( C,) = {indiscrete spaces}. Moreover C, is a 
hereditary Kuratowski operator. 
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(2) For a class P of nonempty topological spaces define the following closure 
operators (X E Top and A4 c X): 
cl,(M)=lJ{f(P)flM: PEP,f:P+X}, 
d,(M)=u{f(P)nMnf(P): PEPJ-:P+x), 
clP(M) = u {f(f’(M)): P E P, f: P+ X}, 
CIP(M) =Pwp(kl(X)) n clP(k,W)L 
where k,, and k, are the natural embeddings of X in the adjunction space X U M X 
and p : X U M X + X is the natural projection. In fact clp is the closure operator 
corresponding to the coreflective subcategory of Top generated by P in the sense 
of [21]. 
In general these operators are additive, and 
clp 2 Clp > dp 2 clp s Clp 
holds. If P is closed under closed subspaces (arbitrary subspaces), then, except for 
the last one, they are all weakly hereditary (hereditary). 
Consider the following condition on P (cf. [24]): 
(C) for every P E P, there exists a nonempty space F such that P U FE P. If P 
satisfies (C), then cl, = Clp. If P is closed under continuous images then dp = clp. 
If P is closed under finite coproducts then Cl p c Clp and if P is closed both under 
continuous images and finite coproducts, then cl, = Clp = Clp and dp = clp. 
B(c1’) is the category (denoted by P3 in [24] and [ 141) of all spaces X for which 
the diagonal in X XX is closed in the coreflection generated by P. If P is closed 
under closed subspaces and satisfies (C), then Cp, coincides with 3 on the 
subcategory P3. In the particular case P = {N,}, where N, is the one-point compac- 
tification of N, clp = dp = (+ is the sequential closure operator which is additive, 
hereditary and O(U) s w, . 9(a) is the category of all spaces in which the convergent 
sequences have unique limit points. It is easy to see that, for X E Top and M c X, 
Cl’N-‘( M) = {x E X: x = lim x, and x E (x,,} fl M for each subsequence {x,,} of {x,}}. 
This closure operator is not weakly hereditary. Analogous results are valid if one 
replaces {N,} by any class of right filtered sets which is closed under taking cofinal 
sets (cf. [26]). 
The operator cl, is unbounded in the case P is the class of all compact spaces 
(cf. [29, 191). On the other hand, if the density of every space in P is less or equal 
to some cardinal mm, then ]O(cl,)] G (22W)f (cf. [14]). 
(3) For a class P as above let P2 denote the class of all spaces X such that, for 
every P E P and every continuous map f: P + X, the subspace f (P) of X is HausdoriT 
(cf. [24]; in [14] this category is denoted by Haus(P P2 is strongly epireflective 
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in Top and satisfies Haus c P2 = { T,-spaces}, unless P consists of indiscrete spaces 
only. If P satisfies (C), then P2 c P3 and C,, = clP on the subcategory P2. Many 
examples of concrete P can be found in [14], [19] and [24]. 
(4) Let wz be a cardinal number; a subset U of a topological space X is a GM-set 
if U is the intersection of fewer than wz open sets. The m-closure C,(M) of a subset 
M of X consists of all points x E X such that every GM-set containing x meets M 
(cf. [25]). Clearly C, is a hereditary Kuratowski operator. g(C,) is the category 
of all spaces in which distinct points can be separated by disjoint GM-sets. Obviously 
Haus c .$3(C,) c { T,-spaces}. C, coincides with CBcc_, in the subcategory g( C,). 
(5) Finally we observe that a regular closure operator C in Top coincides with 
the trivial closure on a space X if and only if the reflection of X in B(C) is one 
point. This is equivalent to X E V(C), therefore S’(C) is productive. 
References 
[II 
PI 
[31 
[41 
[51 
[61 
[71 
PI 
r91 
[lOI 
[Ill 
[=I 
1131 
[I41 
[I51 
R. Arens, Hausdorff-like separation axioms, Coll. Math. Sot. J. Bolyai, Confer. Topology (1978) 
49-55. 
A.W. Arhangel’skii and S.P. Franklin, Ordinal invariants for topological spaces, Mich. Math. J. 15 
(1968) 313-320. 
A.W. Arhangel’skii, R. Isler and G. Tironi, On pseudo-radial spaces, Comm. Math. Univ. Carolinae 
27 (1986) 137-154. 
A.W. Arhangel’skii and R. Wiegandt, Connectedness and disconnectedness in topology, Gen. 
Topology Appl. 5 (1975) 9-34. 
S. Baron, Note on epi in T,, Canad. Math. Bull. 11 (1968) 503-504. 
L. Bican, P. Jambor, T. Kepka and P. NBmec, Hereditary and cohereditary preradicals, Czech. 
Math. J. 26 (1976) 192-206. 
J. Boone, S. Davis and C. Gruenhage, Cardinal functions for k-spaces, Proc. Amer. Math. Sot. 
68(3)(1978) 355-378. 
F. Cagliari and M. Cicchese, Epireflective subcategories and epiclosure, Riv. Mat. Univ. Parma 8 
(1982) l-8. 
G. Castellini, Closure operators and applications, Thesis, (preliminary version, 1986). 
D. Dikranjan, Epimorphic order in S(a), Preprint. 
S.E. Dickson, Torsion theories for abelian categories, Trans. Amer. Math. Sot. 121 (1966) 223-235. 
D. Dikranjan and E. Giuli, Closure operators induced by topological epireflections, COIL Math. 
Sot. J. Bolyai 41 (1983) 233-246. 
D. Dikranjan and E. Giuli, Epimorphisms and cowellpoweredness of epireflective subcategories 
of Top, Rend. Circolo Mat. Palermo Suppl. 6 (1984) 121-136. 
D. Dikranjan and E. Giuli, Ordinal invariants and epimorphisms in some categories of weak 
Hausdorff spaces, Comm. Math. Univ. Carolinae 27(2) (1986) 395-417. 
D. Dikranjan and E. Giuli, S(n)-&closed spaces, Topology Appl. 28 (1988) to appear. 
[16] D. Dikranjan, E. Giuli and A. Tozzi, Topological categories and closure operators, preprint. 
[ 171 E. Giuli, Bases of topological epireflections, Topology Appl. 11 (1980) 265-273. 
[18] E. Giuli, Epimorfismi e cowellpoweredness di sottocategorie epiriflessive di Top, Rend. Circolo 
Mat. Palermo Suppl. 12 (1986) 65-86. 
[19] E. Giuli and M. HuSek, A diagonal theorem for epireflective subcategories of Top and cowell- 
poweredness, Ann. Mat. Pura Appl. CXLV (1986) 337-346. 
[20] E. Giuli, S. Mantovani and W. Tholen, Objects with closed diagonals, J. Pure Appl. Algebra, to 
appear. 
[21] H. Herrlich, Limit-operators and topological coreflections, Trans. Amer. Math. Sot. 146 (1969) 
203-210. 
[22] H. Herrlich, Topological functors, Gen. Topology Appl. 4 (1974) 125-142. 
D. Dikranjan, E. Giuli / Closure operators 143 
[23] H. Herrlich, G. Salicrup and G. E. Strecker, Factorizations, denseness, separation, and relatively 
compact objects, this conference. 
[24] R.-E. Hoffmann, On weak Hausdorff spaces, Arch. Math. 32 (1979) 487-504. 
[25] H.H. Hong, Limit operators and reflective subcategories, Topo 72, II Pittsburg Internat. Confer., 
Lecture Notes Math. 378 (Springer, Berlin, 1973). 
[26] M. HuSek, Unpublished manuscript. 
[27] J.R. Isbell, Epimorphisms and dominions, Proc. Confer. Categorical Algebra, (La Jolla, 1965) 
(Springer, Berlin, 1966) 232-246. 
[28] J.R. Isbell, Epimorphisms and dominions IV, Proc. London Math. Sot. 21 (1976) 144-154. 
[29] V. Kannan, Ordinal invariants in topology, Memoirs Amer. Math. Sot. 32 (245) (1981). 
[30] G.M. Kelly, A unified treatment of transfinite constructions for free algebras, free monoids, colimits, 
associated sheaves, and so on, Bull. Austral. Math. Sot. 22 (1980) l-83. 
[31] H. Lord, A note on hull operators in (E, M)-categories, Topology Appl. 19 (1985) l-11. 
[32] R. Nakagawa, Factorization structures and subcategories of the category of topological spaces, J. 
Austral. Math. Sot. Ser. A 21 (1976) 144-154. 
[33] J.R. Porter, Strongly Hausdorff spaces, Acta Math. Acad. Sci. Hung. 25 (1974) 245-248. 
[34] J.R. Porter and C. Votaw, S(a)-spaces and regular Hausdorff extensions, Pacific J. Math. 45 (1973) 
327-345. 
[35] S. Salbany, Reflective subcategories and closure operators, in: Proc. First Categorical Topology 
Symposium, Lecture Notes in Math. 540 (Springer, Berlin, 1976) 548-565. 
[36] J. Schriider, Epi und extremer mono in Tznr Arch. Math. XXV (1974) 561-565. 
[37] J. Schriider, The category of Urysohn spaces is not cowellpowered, Topology Appl. 16 (1983) 
237-241. 
[38] J. Schroder, Urysohn-like separation axioms, Coll. Math. Sot. J. Bolyai 41 (1983). 
[39] W. Tholen, Semi-topological functors I, J. Pure Appl. Algebra 15 (1979) 53-73. 
[40] W. Tholen, Factorizations, localizations, and the Orthogonal Subcategory Problem, Math. Nachr. 
114 (1983) 63-85. 
[41] W. Tholen, Prereflections and reflections, Comm. Algebra 14 (1986) 717-740. 
[42] A. Tozzi, US-spaces and closure operators, Rend. Circolo Mat. Palermo Suppl. 12 (1986) 291-300. 
[43] H.V. Velichko, H-closed topological spaces, Mat. Sb. (N.S.) 70 (112) (1966) 98-112; Amer. Math. 
Sot. trnsl. 78 Ser. 2, 78 (1969) 103-118. 
